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Abstract 

We identify the twisted sectors of a compact simplicial toric variety. 
We do the same for a generic nondegenerate Calabi-Yau hypersurface 
of an ra-dimensional simplicial Fano toric variety and then explicitly 
compute h ' rb and h™~ b ' for the hypersurface. We give applications to 
the orbifold string theory conjecture and orbifold mirror symmetry. 
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1 Introduction 

Recently, there is an emerging subject of mathematics: Stringy geometry and 
topology of orbifolds. The core of this includes the developing theories of orb- 
ifold cohomology, orbifold quantum cohomology, orbifold K-theory, motivic 
integration, Mckay correspondence etc. 

Physicists believe that orbifold string theory is equivalent to ordinary string 
theory of certain desingularisations. This belief motivated a body of conjec- 
tures, collectively referred to as the Orbifold string theory conjecture. The 
conjecture we are interested in is the K-Orbifold string theory conjecture. It 
states that there is a natural isomorphism between the Orbifold K-theory of 
a Gorenstein orbifold and the ordinary K-theory of its crepant resolution. 

To construct a natural isomorphism as the conjecture demands, is a very hard 
problem. But many weaker versions of the conjecture that compare Euler 
numbers, Hodge numbers, etc. has been studied extensively in the literature 
in the case of orbifolds that are global-quotients. Batyrev[2], and Batyrev 
and Dais[4] proved, in particular, the equality of orbifold Hodge numbers and 
Hodge numbers of smooth crepant resolutions for Gorenstein global-quotient 
orbifolds. But there were no results for non global-quotient orbifolds. 

In this paper, we show that the orbifold Hodge numbers of a generic Calabi- 
Yau hypersurface in a complex 4-dimensional simplicial Fano toric variety 
coincide with the Hodge numbers of its crepant resolution. Besides being the 
first non global-quotient example, this is also an important example in mirror 
symmetry. An immediate corollary of this is the mirror pairing of orbifold 
Hodge numbers for mirror families of Calabi-Yau 3-folds in simplicial Fano 
toric varieties. It should be remarked here that the orbifold structure on the 
Calabi-Yau hypersurface that we consider, is the one that naturally arises 



from its algebraic structure. 

Recently the author has observed that one can combine the characterisation 
of twisted sectors in this paper with the apparatus of string-theoretic Hodge 
numbers developed by Batyrev and Dais [4], and Batyrev [2] to greatly gen- 
eralise the results of this paper in the toric world. There is even a hope 
that the problem may be completely solved, as far as Hodge numbers go, by 
using motivic integration [7] and some stack theory. But those results will 
be discussed elsewhere. 

Now we briefly describe how this article is organised. In sections 2 and 3 we 
review some facts from orbifold cohomology and toric geometry respectively. 
In section 4 we find characterisations for the twisted sectors of simplicial toric 
varieties and nondegenerate Calabi-Yau hypersurfaces of simplicial Fano toric 
varieties. In section 5 we compute formulas for some orbifold Hodge numbers 
of these hypersurfaces, state some corollaries and then give an example. 

Acknowledgements: This work was done under the supervision of my 
doctoral advisor, Prof Yongbin Ruan. I am indebted to him for his guidance. 
My special thanks are also due to Professors Igor Dolgachev, Lev Borisov and 
David Cox who were kind enough to listen to me and answer my questions. 
I thank Prof Cox for correcting an earlier draft of this article. I thank the 
faculty and friends at UW-Madison for their help and kindness. 

2 Orbifolds 

2.1 Orbifold Structure 

Let U be a connected topological space, V a connected n-dimensional smooth 
manifold and G a finite group acting smoothly on V. An n-dimensional uni- 
formising system of U is a triple (V, G, n) ,where n : V — > U is a continuous 
map inducing a homeomorphism between the quotient space V/G and U. 
Two uniformising systems (Vi,Gi,iTi),i = 1,2, are isomorphic if there is a 
diffeomorphism (f) : V\ — > V-i and an isomorphism A : G\ — > G2 such that is 
A-equivariant, and 7T2 o cf> — ir 1 . 

Note: If (0, A) is an automorphism of (V,G,ir), then there is a g G G 



such that <f>(x) = g.x and A(o) = g.a.g 1 , for any x G V and a E G. 

Let « : U' — ► C/ be a connected open subset of [/. An uniformising system 
(V, G', 7r') of £/' is said to be induced from (V, G, n) if there is a monomor- 
phism A : G' — ► G and a A-equivariant open embedding : V — ► V such that 
i o ti' = it o <f). The pair (0, A) : (V, G', 71"') — > (V, G, 7r) is called an injection. 
Two injections (0j,Aj) : (V/, G^, 7rQ — ► (V, G, 7r),i = 1,2, are isomorphic if 
there is an isomorphism (-0, r) from (V/, G' 1; 7r^) to (V 2 ', G 2 , 7r 2 ), and an auto- 
morphism (-0, f ) of (V, G, 7r) such that (-0, f ) o (0 1; Ai) = (02, A2) ° ("0, r )- 

Fact: Let (V, G, 71") be an uniformising system of U. For any connected 
open subset U' of U, (V, G, 7r) induces a unique isomorphism class of uni- 
formising systems of U'. 

Let U be a connected and locally connected topological space. For any 
point p G U we define the germ of uniformising systems at p in the following 
sense. Let (Vi, Gi, 7Ti) and (V2, G 2 , 7r 2 ) be uniformizing systems of neighbour- 
hoods U\ and U 2 of p. We say that (Vi, G±, 7Ti) and (V2, G 2 , vr 2 ) are equivalent 
at p if they induce isomorphic uniformising systems for a neighbourhood U3 
of p. 

Definition: Let X be a Hausdorff, second countable topological space. 
An n- dimensional orbifold structure on X is given by the following data : 
for any point p G X, there is a neighbourhood U p and an n-dimensional uni- 
formising system (V p , G p , tt p ) of U p such that for any point q G U p , (V p , G p , n p ) 
and (y q , G q , n q ) are equivalent at q. 

Definition: The germ of an orbifold structure on X is an equivalence 
class under the following equivalence relation : two orbifold structures {(V p , G p , ix v 
p G X} and {(VI', G' , 7i' p ) : p G X} are equivalent if for any p G X, (V p , G p , tt p ) 
and (V', G', %') are equivalent at p. With a given germ of orbifold structures 
on it, X is called an orbifold. 

We call each U p a uniformised neighbourhood of p, and (V p , G p , 7r p ) a 
chart at p. In fact we choose U p to be small enough that G p has the mini- 
mum possible order; that is, every element of G p fixes the preimage of p in 
V p . In what follows, this choice is assumed. 



An open subset U of X is called an uniformised open set if it is uni- 
formised by (V, G, it) such that for each p e U, (V, G, n) defines the same 
germ as (V p , G p , tc p ) at p. X is called a global-quotient orbifold if X itself is 
an uniformised open set. A point p is called smooth or regular if G p is trivial; 
otherwise, it is called singular. The set of smooth points is denoted by X reg , 
and the set of singular points is denoted by X* . 

An orbifold X is called reduced if G p acts effectively on V p . We can 
canonically associate a reduced orbifold to an orbifold by redefining the group 
actions. Furthermore if a group element acts nontrivially, we require that the 
fixed-point set is of at least (real) codimension two, so that the complement 
is locally connected. The toric varieties and hypersurfaces that we will deal 
with in this article are reduced orbifolds. 

Remark: It is important to note here that even a reduced non-smooth 
orbifold can have a smooth underlying variety because of examples with 
complex reflections. For instance, consider C/Z 2 where Z 2 acts by reflection 
about the origin. Then C/Z 2 is complex analytically isomorphic to C but it 
has a singularity at the origin in the orbifold sense. Gorenstein orbifolds do 
not present this problem as they do not admit such complex reflections. 

2.2 Orbifold Cohomology 

First we will describe the so-called twisted sectors. Consider the set of pairs: 

X* = {(p, (g) Gp )\p eX^l^ge G p }, 

where (<?)g p denotes the conjugacy class of g in G p . Then Kawasaki showed 
(see [5]) that X* is naturally an orbifold with an orbifold structure given by 

{ir P:9 : (V°, C(g)/K g ) - V p B/C(g)\p 6l„l/j6 G p }, 

where VL 9 is the fixed-point set of g in V p , C{g) is the centralizer of g in G p , 
and K g is the kernel of the action of C(g) on Vp 9 . There is a map it : X* — > X 
defined by (p, {g)c P ) h- ► V sucn that 7r(X*) = X*. In a sense X* is a resolution 
of singularities of X. 



Let X = X t |jX. We will describe the connected components of X. 
Recall that each point p has a local chart (V p , G p , tt p ) which gives a local 
uniformized neighbourhood U p = tt p (V p ). If q G U p , up to conjugation, there 
is an injective homomorphism G q — ► G p . For g G G q , the conjugacy class 
(g)c p is well-defined. We define an equivalence relation (g)c q — {.q)g p - Let 
T denote the set of equivalence classes. By an abuse of notation, we use (g) 
to denote the equivalence class to which (g)c belongs. X is decomposed as 
a disjoint union of connected components 

X = U(g)eT X (g)> 
where 

x (g) = {(p,(g'h P )WeG p ,(g>) Gp e(g)}. 

Definition: X( g ) for g ^ 1 is called a twisted sector. We call X(i) = X 

the nontwisted sector. 

Let TX denote the orbifold tangent bundle of X. See Chen and Ruan[5] 
for a definition. An almost complex structure J on X is a smooth section 
of the orbifold bundle End(TX) such that J 2 = —Id. Assume that X is an 
almost complex orbifold with an almost complex structure J. Then for any 
p G X*, J gives rise to an effective representation p p : G p ^> GL(n,C). For 
any g G G p we write p p (g), upto conjugation, as a diagonal matrix 



2m 



'i-s 



diagie m s ,...., e m » ), where m 9 is the order of g in G p , and < mj >3 < 
m 9 . Define a function t : X — » Q by 

t(p,(0)G„)=£r=i7*f- 

This function t : X — ■> Q is locally constant. Denote it by u g \. It has the 
following properties: 

(1) t( s ) is integral iff p p (g r ) G SL(n, C). 

(2) t( ff ) + t( ff -i) = rank(p p (g) - Id) = n- dim<cX( g ). 
Definition: l^ is called the degree shifting number of X^ g y 

Definition: An almost complex orbifold is called Gorenstein if property(l) 
holds for all (g). 

Remark: An almost complex, complex or kahler structure on X induces a 
corresponding similar structure on each X( g y 



Definition: Let F be any field containing Q as a subfield. We define the 
orbifold chomology groups of X with coefficients in F by 



Hi b (X;¥) = ® m TH d - 2 ^(X {9 y,¥). 

Definition: Let X be a closed complex orbifold. We define, for < p, q < 
dimtcX, orbifold Dolbeault cohomology groups 

H™(X;C) = © W fl^>rf-*U(X W ;C). 

Remark: When X is a closed Kahler orbifold (so is each X^), these Dol- 
beault groups are related to the singular cohomology groups of X and X( g ) as 
in the manifold case, and the Hodge decomposition theorem holds for these 
cohomology groups. 

Definition: We define orbifold Hodge numbers by h™ b {X) = dimH™ b (X; C). 



3 Facts from Toric Geometry 

3.1 Fan, Orbits and Divisors 

A complex n-dimensional toric variety is constructed from an n-dimensional 
lattice N and a fan S in JV. E is a collection of strongly convex rational 
polyhedral cones a in the real vector space iV R = N ®i R, satisfying the 
conditons: every face of a cone in H is also a cone in S, and the intersection 
of two cones in H is a face of each. We shall always assume that H is finite. 

Let M = Hom(N, Z) denote the dual lattice, with dual pairing de- 
noted by (,). If a is a cone in N, the dual cone & is the set of vectors 
in Mr that are nonnegative on o. This determines a commutative semigroup 
S a = a fl M = {u G M : (u, v ) > for all v E a}. This semigroup is finitely 
generated. The corresponding group-algebra CfSy which is the C- algebra 
with generators x™ for each m E S ff and relations x™X m = x m+m > i s a 
finitely generated commutative C-algebra. Such an algebra corresponds to 
an n-dimensional affine variety U ff := specC[S ff ]. 



If r is a face of a, then S a is contained in S T . So C[S a ] is a subalgebra of 
C[SV]- This gives a map U T — > £/ ff . In fact, C/ r is a principal open subset of 
U a : if we choose u & S a so that r = a n -u -1 , then [/ T = {i e {/„ : u(x) 7^ 0}. 
With these identifications, these affine varieties for different cones fit together 
to form an algebraic variety X%. We will write X for X= when there is no 
confusion. X is a normal Cohen-Macaulay variety. 

The properties of H strongly affect the geometry of X. For example: 
(a)X is complete(i.e., compact) iff the support |S| := U a( z^o- = TVr. 
(b)X is nonsingular iff for every cone in S, its 1-dimensional generators (de- 
fined below) are part of a Z-basis of N. Such a fan is called smooth. 
(c)X is an orbifold iff the generators for every cone in H are linearly inde- 
pendent over R. We say X and S are simplicial. 

The affine variety corresponding to the trivial cone {0} is the torus T/v = 
TV Cg> C = SpecC[M]. It is an affine (Zariski) open subset of Xn. The action 
of T/v on itself extends to an algebraic action of T/v on X=. This action has 
exactly one orbit corresponding to each cone r & S : T = Hom(r ± r\M, C*). 
We write r < a if r is a face of o" and we write CT for the closure of O a in 
X. Then 

(a) C/ CT = |J T< T ; [Note r = a is included] 

(b) O r = U 7>T 7 ; 
(c)*E = U TeS T ; 

For each d, S(gQ denotes the set of d dimensional cones of S. We reserve 
the letter 77 to stand for elements of 2(1). For each 77, let v v denote the 
unique generator of the semigroup 77 n N. Using these generators, a cone 
a G H can be written a = {Xlnco- a v v n '■ a v — *-*}■ The v v & a are the genera- 
tors of er. A standard abuse of notation is to identify 77 with t^. If r = |S(1)| 
is the number of 1-dimensional cones, we sometimes write the v^s as i>i, ..., v r . 

Each O v is an irreducible TV-invariant Weil divisor denoted D v . Fur- 
thermore, m G M gives a character x m '■ Tv — ► C*, and regarding % m as a 
rational function on X, we have div(x m ) — X]«( m > v r))D v . We will always as- 
sume that the 1-dimensional cones span JVr. Then the Chow group A n _i(X) 
of Weil divisors modulo linear equivalence can be computed directly from the 
fan . By using the above , we get an exact sequence 



— ► M — ► Z H W — > A,_i(X) — ► 

where m G M maps to (.., (m,v v ), ..) G Z^ 1 ) and (..,a v , ..) G Z^ 1 ) maps to 
the divisor class of J2„CLriD v . Thus A n -i(X) has rank r — n. A Weil divisor 
D = ^2 a v D v is Cartier iff for each a G S, there is m CT G M such that 
(m a ,v ri ) = —a v whenever r) C a. Polytopes arise naturally when dealing 
with toric varieties. If X is complete and D = ^2 a v D v is Cartier, then 

A D = {m G M R : (m,v) > <p D (v)\/v G N R } 
= {m G M K : (to, v) > —a v \/rj} is a polytope. 

There is a T/v-equivariant map H°(X, O(D)) ~ © me A nM ^A™- 
To see why this is true, think of sections of O(D) as rational functions / on X 
such that div(/) +D > 0. Div(x m ) +D > is equivalent to (to, iv,) > — a^VV? 
and the isomorphism follows. 

A cartier divisor £) is ample 

-<=>- (rricrjVr,) > —a v whenever rj is not in a and a is n-dimensional. 

-i=> m a 7^ to t for o" 7^ r in S(n) and A^ is an n-dimensional polytope with 

vertices {m a : a G H(n,)}. 

A polytope is called integral if its vertices are integral. A# is integral if D is 

ample. 



3.2 Projective Toric variety from polytope 

Given any n-dimensional integral polytope A one can canonically associate 
a C-algebra Sa to it. See [[6], section 3.2.2] for details. Then the projective 
variety Pa : = Pi'oj(S'a) turns out to be a toric variety with a fan called the 
normal fan of A. We will describe the normal fan in the special case of Fano 
toric varieties later. 

The T/v orbit closures of Pa are in one-to-one correspondence with the 
nonempty faces F of A. There is a canonical surjection of polytope rings 
iTp '■ Sa —* Sf which induces a natural inclusion of toric varieties P^ c — ► Pa- 
Pa comes with a specific choice of ample divisor Da such that A^> A = A. 



Choose a basis for M. This corresponds to picking coordinates t±, ...,t n 
for the torus T/v- Then, if m G M is written m = (a,i,..,a n ), we have 
X m = nr=i ^T i so we can write t m instead of \ m - For any k > 0, we have the 
space of Laurent polynomials L(fcA) = {/:/ = E me fcAnM -W™, A m G C}. 
Each / G L(kA) gives the affine hypersurface Z/ C T/v defined by / = 0. 
L(kA) ~ iJ°(PA, Op a (/c-Da))- Under this isomporphism, / corresponds to an 
effective divisor Zy C Pa- Zf is a compactification of Zf and is exactly the 
hypersurface of Pa corresponding to /. We will use the following notation: 

(a) l(kA) = \kA n M\ =dim(L(kA)) 

(b) l*(kA) = \{m G kA n M : m is not in any facet of fcAnM}| 



3.3 Homogeneous coordinate ring 

We introduced coordinates ti,..,t n on the torus of a toric variety. But it 
is useful to have global coordinates, similar to homogeneous coordinates on 
projective space. If X is given by a fan S in N^, we introduce a variable x v 
for each i] G 2(1) and consider the polynomial ring S = C[x^ : i] G 2(1)]. A 
monomial in S is written x D = FJ„ x °n > where £) = J^« a r,D v is an effective 
torus-invariant divisor on X. We say that x D has degree deg(x D ) = [D] G 

A n _!(X). 

Thus, S is graded by the Chow group A n _i(X). Given a divisor class 
a G A n _x(X), S a denotes the graded piece of S of degree a. We often write 
the variables as x±, ...,x r , where Xi corresponds to the cone generator Vi and 
r = 1 22(1) | . Then S = C[xi, ...,x r ]. The ring S, together with the grading 
defined above is called the homogeneous coordinate ring of X. We refer the 
reader to [[6], chapter 3.2] for a discussion on reconstructing the toric variety 
starting from the homogeneous coordinate ring. 

If r is any cone of 2 then the orbit closure T is given by the ideal (xi : % 
such that Vi is a generator of r) of S. Also the graded pieces of S have 
nice cohomological interpretation. We noted that L(A) ~ H°{P,Of>(D^)). 
Now the map sending the Laurent monomial t m to Y[r] X v' V ' 1 ^ induces an 
isomorphism H°(X, O x {D)) ~ S a , where a = [D] G A n -i(AT). 
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3.4 Fano toric Varieties 

First we note that for an arbitrary toric variety X, the anticanonical divisor 
— Kx = Yln-^v The following may be taken as definitions. 
Definition: A toric variety X is Gorenstein iff — Kx is Cartier. A complete 
toric variety X is Fano iff — Kx is Cartier and ample. 

The anticanonical divisor of a Fano toric variety X detemines an integral 
polytope A with special properties : 

(a) All facets T of A are supported by an afnne hyperplane of the form 
{m G M R : (m, v r) = —1} for some vr G N. 
(b)Int(A) n M = 0. 
Definition: Such a polytope is called reflexive. 

The polar polytope A° of the reflexive polytope A is obtained by A° = 
{v G N K : (m,v) > —1 for all m G A} C N K . The fan E of X can be 
retrieved by coning over the proper faces of A°. This fan is called the normal 
fan of A and X = Pa- A° is also reflexive and (A°)° = A. The Fano troic 
variety constructed from the normal fan of A° is denoted by Pa° • 

We shall use F and F° to denote a face of A and A° respectively. There 
exists an inclusion reversing duality between the faces of A and A . For 
instance, the face of A which is dual to the face F° of A° is defined as 
F° := {m G A : (n, m) = — lVn G F°}. If r is the cone in the normal fan of 
A associated to the face F°, then the orbit closure T = P^,. 

Generic anticanonical hypersurfaces V in Pa and V° in Pa° constitute 
mirror families of Calabi-Yau varieties. These varieties are orbifolds if the 
corresponding ambient toric variety is simplicial. Observe that V can be 
identified with an element of L(A). 

A 'maximal projective subdivision' of the fan of the toric variety gives a 
maximal projective crepant partial (MPCP) resolution [see [1] or [6]] of the 
hypersurface by taking proper transforms. Let V and V° denote the MPCP 
resolutions of V and V° respectively. These are again Calabi-Yau. These are 
smooth if n = 4. 

Remark: A gorenstein toric variety or a Calabi-Yau hypersurface of a 

II 



Fano toric variety has gorenstein canonical singularities. In particular, the 
degree shifting numbers are integers. Moreover, the singularity locus has at 
least complex codimension two. 

4 Twisted Sectors 

We claim that the twisted sectors of a toric variety or a Calabi-Yau hyper- 
surface can be identified with suborbifolds. Note that in general a twisted 
sector could be a multiple cover of the corresponding singular locus even if 
the group actions are all abelian. The situation is simpler in toric case be- 
cause there exist canonical local coordinates and uniformizing systems such 
that the group actions are in fact diagonal. They can be easily chased around 
to prove the claim. 



4.1 Twisted Sectors in Simplicial Toric Variety 

Let H be any simplicial fan. Then the orbifold structure of the toric variety 
Xn can be descibed as follows. Let a be any n dimensional cone of H. 
Let vi,...,v n be the primitive 1 dim generators of a. These are linearly 
independent in JVr. Let N a be the sublattice of N generated by v±, .., v n . Let 
G a := N/N a be the quotient group. G a is finite and abelian. 

Let a' be the cone a regarded in N a . Let a' be the dual cone of a' in M a , 
the dual lattice of N a . U ff > =spec(C[o"'fl M a ]). Note that a' is a smooth cone 
in N ff . So U a , =* C n . 

There is a canonical dual pairing M a /M x N/N a — ► Q/Z — »■ C*, the first 
map by the pairing (, ) and the second by q i— > exp(2niq). Now G a acts on 
C[M ff ] , the group ring of M a , by : v(x u ) = exp(2iri(u,v))x n , forvEN and 
ue M a . Note that 
(C[M a ]) G - = C[M] (4.1.1) 

Thus Go- acts on [7 CT /. Let tt^ be the quotient map. Then U a = U a i jG a . So 
U a is uniformised by (U a r, G a , ILj-). For any r < o~, the orbifold structure on 
U T is same as the one induced from the uniformising system on U a . Then by 
the description of the toric gluing it is clear that {(U ff i, G a , U a ) : a G H(n)} 
defines a reduced orbifold structure on X. We give a more explicit verifica- 
tion of this fact below. 



12 



Let B be the nonsingular matrix with generators vi, .., v n of a as rows. Then 
a' is generated in M a by the the column vectors v 1 , .., v n of the matrix B~ x . 
So x v ,--,X" n are the coordinates of U a i. For any k = (ki,..,k n ) G N, the 
corresponding coset [k] G G^ acts on U a > in these coordinates as a diag- 
onal matrix: diag(exp 27 " ci , . . . , exp 27UC ™ ) where q = (k,v 1 ). Such a matrix 
is uniquely represented by an n-tuple a = (ai, ..,a n ) where a, G [0, 1) and 
Ci = a,i + bi,bi G Z. In matrix notation, kB~ x = a + b •<=>- « = aB + bB. 
We denote the inetgral vector aB in N by /t a and the diagonal matrix corre- 
sponding to a by g a . n a <-^> g a gives a one to one correspondence between the 
elements of G a and the integral vectors in N that are linear combinations of 
the generators of a with cofficients in [0, 1). 

Now let us examine the orbifold chart induced by (U a >,G a ,7i a ) at any 
point x G U ff . By the orbit decomposition, there is unique r G a such 
that x G T . Wlog assume r is generated by Vi,..,Vj,j < n. Then any 
preimage of x with respect to 7i a has coordinates x v * — iS i < j. Let 
z = (0, ..,0,Zj+i, ..,z n ) be one such preimage. Let G T := {g a G G CT : a, = 
if j ' + 1 < i < w}. We can find a small neighbourhood VT C (C*) n_Jr 
of (zj+i, .., z n ) such that the inclusions x W ^-> [/ CT / and G r ^^ G CT in- 
duces an injection of uniformising systems (C- 7 x W,G T ,n) ^ (U cr i,G <T ,'K a ) 
on some small open neighbourhood C/ x of x. So we have G x = G T and an 
orbifold chart (0 xW,G t ,tt). Note that G T can be constructed from the set 
{ K a = J2l=i a iVi '■ K a G N,di G [0, 1)} which is completely determined by r 
and hence is independent of a. 

Now we determine the twisted sectors. Take any x G X. x belongs 
to a unique T . Wlog the generators of r are vi,..,Vj. Consider any n- 
dimensional a > r. Wlog Vi,..,v n generates a. Pick g a in G x such that 
<2j 7^ 0, Vi < j i.e, n a lies in the interior of r. We want to find the twisted 
sector Xi g \. Consider g a as an element of G a . It is clear that g a fixes z G U a > 
MS. Z\ — .. — Zj +S = 0, for some s > i.e., 7r CT (,2) G O r or TT ff (z) G O5 for 
some 5 > r. So -X"( ffo ) fl C/ ff = O t D C/ ff . Since a twisted sector is connected, 
X( 9a ) = T . If g> a G Gz is such that (wlog) only ai,..,Ofe 7^ 0, /c < j, then 
g'a G G5 where S is the cone generated by v±, .., Vk and by the above argument 
X( g \ = Os- Thus we have proved the following theorem. 

Theorem 1 A twisted sector of any simplicial toric variety X= is isomorphic 
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to a subvariety T of X s for some cone r 6 5. Moreover, there is a one-to- 
one correspondence between the set of twisted sectors of the type T and the 
set of integral vectors in the interior of r which are linear combinations of 
the 1- dimensional generators of r with coeffients in (0,1). 

Note that the degree shifting number u ga \ = J^ a%. Now if Xn is Fano, 
i.e., S is obtained by coning over the faces of a reflexive polytope A°, then 
the twisted sectors with i — 1 are in one to one correspondence with the 
integral interior points of faces of A°. 



4.2 Twisted sectors of hypersurface of a Fano variety 

We identify the twisted sectors of a generic nondegenerate anticanonical 
(Calabi-Yau) hypersurface V of a simplicial Fano toric variety X = Pa- 
Nondegenerate means that V n O t is either empty or a smooth subvariety 
of codimension one in T , for each torus orbit T in X. Then V turns out 
to be a suborbifold of X. Also nondegeneracy is a generic condition. For a 
different treatment on these, see [3]. We show that V = Zf, for a generic 
/ G L(A), is nondegenerate and a suborbifold of X. 

Consider any n-dimensional cone a with generators Vi,...,v n . For no- 
tational simplicity set \ v% = z %- Then zi,..,z n are the coordinates of U a i. 
Let Y be the preimage of V fl U a in [7 CT / with respect to 7i a . Then Y is 
defined by the equation X^meAnM ^™ FCLi z^ m,1 ' l ' >+1 = 0. This is because, 
t m = YYi=i z i 9i ^^ m = Eft"' = B~ l q ^=^ Q = ml & ^==^ % = {rn^Vi). 
The one is added to ensure that V is anticanonical. Note that by definition 
of A, (to, i>j) + 1 > 0. If \ m<y 7^ then Y does not pass through the origin. It 
can be checked from this description using Bertini's theorem that for generic 
values of the coefficients A m , Y is a smooth sub manifold of U a > that intersects 
the coordinate planes z^ — .. — z%- — transversely. 

Y is Go-— stable by (4.1.1). When Y is smooth, all singularities of V C\ U a 
are quotient singularities induced by action of G a on Y. Since there are only 
finitely many n-dimensional cones, V is nondegenerate and a suborbifold of 
X. (Y, G a , 7r CT ) is an uniformizing system for V fl U a . Let r be the face of 
a obtained by coning over the face F° of A°. Wlog let vi, ..,Vj : j > 2 be 
the generators of r. (We remarked earlier in section 3.4 that the Gorenstein 

14 



condition rules out codimension one singularities.) We want to find a chart 
for any point x G V fl Or. By our earlier remark that Y misses the origin 
of Uffi, V fl O a is empty. So we need only consider proper faces of a. By a 
result of Fulton[[8], section 5.3], V H T consists of l*(F°) + 1 points if F° is 
a codimension 2 face of A° i.e., j — n — 1 -<=>- dimO T = 1. Since the the 
only other points in T in this case are O a for n-dimensional cones a > r, all 
the intersection points actually lie in T . If codimension F° is bigger than 
2, then again by Bertini V fl T is irreducible. 

Following the same notation as before, x has a small neighborhood L^n Y 
such that ((O x W) fl Y, G T , it) is a chart for V at x. C j x W is , as be- 
fore, a suitable neighbourhood of some preimage z of x in [7^. The tangent 
space TF 2 is a G r -stable subspace of TC™. Any (? a G G r acts trivially on 
TW Z =sp&n{d/dzi,i = j + l,..,n}. By transversality, we can choose basis 
{6, ..,&} of TC™ such that ^ e 7% Vi < n - 1 and ^ n G TIT^. ^ acts 
trivially on £ n . This implies that the degree shifting number of g a \rY z is still 

Ei=i a ^- 

From the description of the charts, it is clear that twisted sectors of V 
are isomorphic to V fl T where 2 <dim(r) < n — 1. Recall that O r = P^, 

where _F° is the face of A dual to T°. In particular we have the following 
theorem. 

Theorem 2 Let V be a generic nondegenerate anticanonical hypersurface of 
an n-dimensional simplicial Fano toric variety Pa- Then the twisted sec- 
tors of V are isomorphic to V fl P^- for some face F° of A such that 
1 <dimF° < n — 2. There is exactly one twisted sector of this type having 
i = 1, corresponding to each integral interior point of F° if dimF° < n — 2. 
// dimF° = n — 2, then there are exactly l*(F°) + 1 twisted sectors of this 
type having i = 1, corresponding to each integral interior point of F°. 

5 Orbifold Hodge Numbers 
5-1 K;\(V) 

Let V( 5 ) denote a twisted sector of the hypersurface V and l^ its degree 
shifting number. 
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h£ b (V) = h x '\V) + £ t =1 h°'°(V ig) ). Since h°>°(V ig) ) = 1 for each twisted 



Ha) 

sector, by theorem (4.2) we obtain 

= l^l<dim(F°)<n-2 *• \^ ) + l^dim(F°)=n-2 ' \* r \^°) 

= i(A°) - r - 1 - £dMFo)=»-i ^°) + E„ m (^ )=n „ 2 l*(F°)l*(F°) 

To compute /i 1,1 (l / ) we invoke the following Lefschetz hyperplane theorem 
[[3], Proposition 10.8] . 

Lemma 1 LetV be a nondegenerate ample hypersurface of an n- dimensional 
complete simplicial toric variety X . Then the natural map, induced by inclu- 
sion, j* : H l (X) — »■ H l {y) is an isomorphism for i < n — 1 and an injection 
for i = n — 1 . 

In our case V is anticanonical, and since the anticanonical divisor of a Fano 
variety is ample, V is ample. Also it is well known [[8], section 5.1] that for 
any simplicial toric variety X, H 2 (X,R) = H 1 ' 1 ^,"®) = A n ^(X) <g> R. So 
for n > 4 , /i 1 ' 1 (l / ) = ft, 1 ' 1 (Pa) =rankA ra _i(PA) = r — n. Thus we have the 
following theorem. 

Theorem 3 For any generic nondegenerate anticanonical hypersurface V of 
an n-dimensional simplicial Fano toric variety Pa, n > 4, 

^;l(^)=/(A )-n-l-E^ m(F o )=n _ 1 /*(F°)+E^ m(F o )=n _ 2 /*(F°)/*(F°). 

5.2 h n - 2 >\V) 

Next we compute h n ~ 2,1 (V) for n > 4. For this we have to use the homo- 
geneous coordinate ring S of X — Pa- Let v±, ..,v r be the one dimensional 
cones of the normal fan of A. Let x\, .., x r be the corresponding homogeneous 
coordinates. Let f3 = [-K x ] = E[=i A] e A n _i(X). Then S^ ~ L(A). 
And the divisor / e £(A) corresponding to V can be written in the ho- 
mogeneous coordinates as / = EmeAfnL(A) ^™ 111=1 x^ m ' v ^ +1 . For notational 
simplicity, we will denote n[=i x^ m ' Vi ' )+1 by x m for any m G M. Define the 
Jacobian ideal of / to be J(f) = (df/dxi, ..., df/dx r ). 

First we quote the following theorem [[3], theorem 10.13] . 
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Lemma 2 Let X be an d- dimensional complete simplicial toric variety and 
V C X be a quasi- smooth (i.e.,suborbif old) ample hypersurface defined by 
f E Sp. Then for k ^ (d/2) + 1, there exists a canonical isomorphism 

(S/JU)) k p-p^PH d - k > k -\V). 



Remark: The primitive cohomolgy PH d ~ l (V) := H d - 1 (V)/(imH d - 1 (X). 
This coincides with the usual cohomology if d is even. 

For our application of this lemma: d = n, k = 2 and /3 — /3q. So we need 
to compute the rank of (S/J(f))p . Also, H n ~ 2 >\X) = if n > 4 , so that 
H n -^{V) = PH n - 2 ' l {V). 



Lemma 3 Xidf/dxi G (J(f))j3o,i = 1, --,r, and the space of complex linear 
relations among these has dimension r — (n + 1). 

Proof 

Xidf/dXi = E m ^ra((m, Vi) + l)x m . 

Ei CiXidf/dXi = Yj m ^ra((m, J\ Wi) + Ei C i) X ™ 

For a generic / we can assume that A m 7^ for each m G A n M. Hence 

E, c i x l df/dx l = ^^ (m, Ei (kVi) + E* c, = Vm G A n M 

In particular, taking m = we get Ei c * = 0- Therefore (m, Ei ^) = 

Vm G A fl M and since A is n-dimensional we have E« Cj^j = 0- 

Thus Ej CiXidf/dxi = ^^ Ej c ^ = ° and Ei c * = °- 

Now let ui = (v h 1) G R n+1 C C n+1 = R n+1 ® C. 

Since the Uj's are vertices of A°, the v^s are generators of the (n + 1)- 

dimensional cone {q G R™ +1 : gt G A° for some £ G M >0 }. So the t^'s 

span ]R n+1 over R, and hence they span IR n+1 ® C over C. 

Note that (E Wi, E c *) = E c ^- 

Hence the lemma follows. 

Wlog assume that the Xkdf/dxk, k — 1, .., n + 1, are linearly inedendent. 
In other words v~k,k = 1, ...,n+ 1 are linearly independent. We want to find 
monomials Ylj& x j Pj that have same degree in S as x\. So we want m* G M 
such that (m*,Vj) = Pj > if j 7^ % and (m*,Vi) = — 1. Such m* is given by 
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interior lattice points of F^, the (n — l)-dimensional face of A that is dual to 
the 0- dimensional face {vi} of A . 

Then for each m* G(IntF;nM), Ylj^i x j {m * ,Vj} 9f/dxi belongs to (J(/))/v 
Together with the Xidf/dxi, these generate (J(f))/3 as we vary over all i. 



Yl x^^df/d. 



J, ; 



IY Xj (™*w) Xi df/d. 



../.. ; 



= Lm'eAnMn(A+m*) A m /_ m *((m — m ,Vi) + l)x m 

= EmeAnM A m _ m *((m - ra*, u*) + 1) J(m - m* G A)x m 

Let IntFj Hl= {m iiis : 1 < s < t i5 ^ > 0}. 

Then (J(/)) A) =span{x fe <9//<9:r fe , ]Y j=1 x^'^Xidf/dxi : 1 < k < n + 
1, 1 < *s < ^ii* — 1, ••) r }- We want to find the dimension of this complex 
vector space. So we study the space of linear relations : 

J2k c k x kdf/dx k + J2i, is di,i s Yl r j= i x j {mis,Vj)x i d f/ dx i = ° 

J2 m {J2k c k^m((vk,rn)+l)+J2ii s di,i s X m - mi:is I(rn-m i: i s G A)((m-7n i>i „u«)+ 

l)}x m = 

Efc c fc^m(( v fc ? m ) + !) + X^,i s A m _ miis i"(ra - m iiis G A) (m, Uj) = for each 
m G A fl M, [note: (m it i s ,Vi) = —1] 

This is a system of /(A) number of linear equations in 7 = n + 1 + 
YH=i I* (Fi) variables namely Ck,d itis . Note that /(A) > 7. We shall find a 
nonsingular subsystem of rank 7. 

To do so pick n linearly independent vertices mi,...,m n of A and let 
iTT-n+i = 0, the origin. Then from the above system we pick the equations 
corresponding to m — mi,...,m n+ i and m = ma s : i — 1, ..,r; < i s < U. 



Denote this 7x7 system by (**). It can be written as : 



where 



P A 
B Q 



A mi ((rai,t>i) + 1) ... X mi ((m 1 ,v n+1 ) + 1) 

A m „((m n ,^i) + 1) ... A m „((ra n , v n+1 ) + 1) 
A ... Aq 



Q 



A mi:1 _ m i,i/(.)((mi i i -mi,i,ui) + 1) ... A mil _ Trartr /(.)((m li i -m r>tr ,v r ) + 1) 

A mrtr -ml,l^(-)(K,t r -mi,i,Ui) + 1) ... Xm r t r -mrt r I (-)(( m r,tr ~ ™ rttr ,V r ) + 1) 



Observe that all the diagonal entries of Q are Ao, and none of its off- 
diagonal entries has Ao- Also any entry of A is of the form X mk - miAs I(.) 
and hence does not involve Ao- Similarly an entry of B is of the form 

\ mtis ((m ijis ,v k ) + 1) and so does not have A . 



Consider the determinant of the coefficient matrix 



as a polyno- 



P A 
B Q 

mial in the A's. Then the term of this determinant having the highest power 
of Ao is (Ao)^ r( - i?l - ) detP. We will show below that detP = nonzero constant 
times A mi ...A m „Ao- Thus the determinant of the coeffcient matrix of the sys- 
tem (**) is a nontrivial polynomial in the A's and is therefore nonzero for 
generic choice of the A's. Hence (J(f))/3 has rank 7 as a complex vector 
space, for a generic / G L(A). Since S/3 ~ L(A), so (S/J(f))p has rank 
1(A) — 7, for a generic /. 



Lemma 4 The (n + 1) x (n + 1) matrix P = ((Pij = X mi ((mi,Vj) + 1))) is 
nonsingular for generic chioce of X 's. 

Proof 

Let E be the (n + 1) x (n + 1) matrix ((E i: j = ((m^Vj) + 1))). Then 
detP = A mi ...A mn+1 detE. 



19 



We claim that E is nonsingular. Otherwise there exists a nontrivial vector 
(ci, ..., Cn+i) such that Y^k=i c k(( m i, v k) + 1) = for all i — 1, ..,n + l. In par- 
ticular, for i = n + 1 we get Ylk=i Cfc = 0- This implies X^fe=i c fc( m «; ^fc) = 
for alH = 1, .., n. Since mi, .., m n are linearly independent, this would imply 
that Y^k=i c k( m ) v k) = for all m G A. Therefore X/fcii c k v k — 0. this 
combined with Yl c k — implies that $^fc=i c^ = which contradicts the 
linear independence of Vi, ..,i> n ~+i. Thus the lemma holds. 

So we have the following theorem. 

Theorem 4 For any generic nondegenerate anticanonical hypersurface V of 
an n- dimensional simplicial Fano toric variety Pa, and n > 4, 

h^>\v) = i(A) -n-i- E dimiF) = n -i nn 

Note : F denotes a facet of the polytope A in the statement of the above 
theorem. 

5.3 Cohomology of the twisted sectors of V 

We now want to compute /i n_3 '°(V( 9 )) for any twisted sector V( 9 ) = V H ff . 
This is obviously zero if dim(F°) > 1, since dim (P^r ) = n — 1— dim(F°). So 
we will only consider the case dim(F°) = 1. Let r be the 2-dimensional cone 
obtained by coning over F°. As noted earlier T = P^,. The restriction of V 
to T gives a quasismooth ample hyprsurface of O r , which we shall identify 
with V( g ). So we are again in a situation where we can invoke lemma 2. 

For this we need to understand the homogeneous coordinate ring S' of 
T . According to Fulton [[8], section 3.1], a fan for T can be constucted from 
the fan S of X as follows. 

Let N T be the sublattice of N generated by the primitive one dimensional 
generators of r. Let N(t) = N/N T . The dual lattice of N(r) is given by 
M(t) = r 1 - n M. The star of a cone r can be defined abstractly as the set 
of cones a in S that contain r as a face. Such cones a are determined by 
their images in N(r) i.e. by a = (a + (N T ) K )/(N T ) K C_N R /(N T ) R = N(t) r . 
These cones {a : r < a} form a fan Star(r) in N(t). O t is the toric variety 
corresponding to this fan. 
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Wlog let i>i,i>2 be the generators of r. The corresponding Weil divisors 
in X are D\ and D 2 , and T is the intersection \G T \DiD 2 considered as an 
element of the Chow ring of X. 

Again wlog assume that Vj,j = 3, .., / are the one dimensional cones of S 
such that {f i, v 2 , Vj} generate a three dimensional cone of S. In other words, 
Vj,j = 3, ..,/ are the one dimensional cones of Star(r). Let Dj := D\D 2 Dj 
for j = 3, .., r. Note that Dj = if j > I. The divisor of T corresponding to 
Vj is Dj for j = 3, .., I. So the homogeneous coordinate ring S' is generated 
by variables i/j corresponding to Dj for j = 3, ..,/. Denote by a® the anti- 
canonical class ^2j =3 Dj in S'. 

On the other hand the divisor V restricts to —KxD\D 2 = (-Di + ... + 
D r )D 1 D 2 = E5=3 A + (Di + D 2 )D X D 2 . To see what (D 1 + D 2 )D X D 2 is in 
terms of the -D^s , we can pick a point m G F° fl M and let 6j := (m, Vi), 1 < 
i < r. Then ^[=i ^-^ * s linearly equivalent to zero. Note that b\ = b 2 = — 1. 
Hence we have Dx + D 2 = X^= 3 6«A- So, (£>i + D 2 )D t D 2 = ^ i=3 6«A- Let 
a be the class in S" representing the effective ample divisor —KxD\D 2 . Let 
/' be the associated homogeneous polynomial in the i/jS. Now we can apply 
lemma 2 to the (n — 2)-dimensional variety T and the ample hypersurface 
V(g). Choose k — 1 in the lemma to get 

osyjou-oo * ^ n - 3i0 (^)) = ^ n - 3i0 (^)) 

since H n - 3 '°(0 T ) = 0. 

Now a — a = [a — ^ j=3 Dj]- A typical generator df/dyi G </(/') 
has degree [a — Z)^]. There are no nonconstant regular functions on the 
projective variety O t . So any nontrivial effective divisor, and in particular 
Di, Ysj=3 i-jfrDj an d Si=3 iDj are not linearly equivalent to zero. This 
implies that (J(/')) a _ ao = 0. Hence we obtain that 



(S') a . ao ~ tf"^°(^ ( 



<?), 



Now a — ao — Ej=3^j]' We want to identify the effective divisors 
in this class. So we want m* G M{r) such that ^2j =3 (bj + (m*,Vj))Dj is 
effective. This is if and only if (bj + (ra*, u,)) > for all j = 3, .., / 
-<=>- ({m + m*,Vj)) > for j = 3, .., / 
^^ m + m* GlntF° n M. 
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To justify the last step note that (m + m*, Vj) = — 1 for % — 1, 2 so that 
m + m* G F° n M. If m + m* is not in the interoir of F° then it belongs 
to some face E° where F° C -E as faces of A . The cone <5 associated to 
E° contains r as a face and hence contains some Vk for 3 < k < I. Then 
(m + m*, Vk) = — 1 which is a contradiction. 

Since m is fixed, the required effective divisors are in one-to-one corre- 
spondence with the interior lattice points of F°. Hence h n ~ 3,0 (V^) = l*(F°). 
Since there are l*(F°) twisted sectors isomorphic to V (1 Fp- we have the 
following. 

h n J'\V) 

= h^\V)+E L{g)=1 h n -^(V {9 )) 

= /(A) - n - 1 - E dtm{F) =n-i l*(F) + E, M ^ )=1 r(F°)r(F°) 

= 1(A) -U-l- E dim{ F)=n-l l*W + E dim( F)=n-2 l*(F)l*(F). 

For the last step we used the one-to-one correspondence between faces of 

A and A . 

5.4 Main Results 

Combining the above formula with theorem 4 we have the following theorem. 

Theorem 5 For any generic nondegenerate anticanonical hypersurface V of 
an n- dimensional simplicial Fano toric variety Pa, n > 4, 

h n J\V) = 1(A) - n - 1 - E^ )= „-i '*(^ + E dim( F )= n-2 r(F)r(F). 



Corollary 1 If V is an MPCP desingularisation of any generic nondegen- 
erate anticanonical hypersurface V of an n- dimensional simplicial Fano toric 
variety Pa, n > 4, then K p ' rb (V) = h p,1 (V) for p — 1 and p = n — 2 

Proof The formulas for h p,1 (V) for p = 1, n — 2 computed in [1] by Batyrev 
match the orbifold Hodge numbers for V obtained in theorem 3 and theorem 

5. 

Corollary 2 In the case n = 4, h™ b (V) = h p,q (V) for any p and q. 
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Proof We need only consider p, q < 3. Also h^' rb = h p '° by definition since t 
is nonnegative. So, by Serre duality, it is enough to consider just the cases 
p = 1, q = 1 and p — 2, q — 1. These are addressed by corollary 1. 
We should remark here that in this case V is actually smooth. 

Corollary 3 If Pa° is also simplicial, and V° is a generic nondegenerate 
anticanonical hypersurface o/Pa° , then h^ rb (V) = h n ~ b ' {V°) and vice versa. 

Proof Follows from interchanging the roles of A and A° in the formulas. 

Remark In particular, for the n = 4 case, we have h™ b (V) = h~ b ,q (y°). 
This is an example of 'mirror symmetry' of orbifold hodge numbers. 

5.5 An Example 

Consider the complex 4-dimensional weighted projective space X = P(l,l,2,2,2). 
It is a simplicial Fano toric variety. It's fan S has the following 1-dimensional 
cones in N = Z 4 : Vl = (-1,-2,-2,-2), v 2 = (1,0,0,0), v 3 = (0,1,0,0), 
V4 = (0,0,1,0), t> 5 = (0,0,0,1). E has five 4-dimensional cones, obtained 
by dropping one of the v j's at a time and taking the cone generated by the 
remaining four. 

Let Di denote the torus-invariant divisor given by the orbit closure Vi . 
It is easy to check that in A 3 (X), [D 2 ] = [£>i] and [A] = 2[£>i] for i > 3. 
Construct the homogeneous coordinate ring of X by introducing variables Xi 
corresponding to v «. Then deg(xi)= deg(x2) = 1 (= [-Di]) and deg(xj)=2 for 
i > 3. 

This leads to the more familiar description of P(l, 1,2,2,2) as (C 5 — {0})/C*. 
The action of any a G C* on C 5 — {0} is as follows : 

a.[x\ : x 2 : X3 : X4 : X5] = [axi : ax 2 '■ a 2 x 3 : a 2 x^ : a 2 x^\. 

In this description, Di corresponds to the hyperplane {xi = 0} and the 4- 
dimensional cones of S correspond to the open sets {xj 7^ 0}. It is also easily 
seen that the singular locus of X is precisely the surface {x\ = x 2 = 0}. In 
fact, this represents the only twisted sector of X. The v j's are the vertices of 
a reflexive polytope A°. The faces of A° have only one interior lattice point 
: (0,-1,-1,-1) = 1/2 (vi + v 2 ). This lattice point corresponds to the twisted 
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sector and the local isotropy group is Z 2 . 

The dual reflexive polytope A in Mk has the following vertices: 
Wl = (-1, -1, -1, -1), w 2 = (7, -1, -1, -1), w 3 = (-1, 3, -1, -1), 
w A = (-1,-1,3,-1), w 5 = (-1,-1,-1,3). 

A is the polytope corresponding to the anticanonical divisor — Kx = 
J2i=i Di of X, and X = Pa- If V is a generic nondegenerate Calabi-Yau (an- 
ticanonical) hypersurface of X, then V has just one twisted sector namely 
V fl {xi = X2 = 0}. One can directly compute the genus of this curve by 
using the Riemann-Hurwitz formula. It turns out to be 3. 

The following is a list of the Hodge numbers of V: h 1, = h 2,0 = 0, 
h^ = 1, fcM = 1, h^ = 83, h% = 2, h%\ = 86. ^ 

The dual Fano veriety Pa° is also simplicial. This is easily checked since 
its fan is is obtained by coning over the faces of A. In fact, Pa° = Pa/^4- 
This is also shown easily. First, observe that W\ = —w 2 — 2w 3 — 2w 4 — 2w 5 . 
Secondly, if M is the sublattice of M generated by w 2 , w 3 , u> 4 , w 5 , then M/M 
= Z|. 

The mirror Calabi-Yau family is also easy to write down. Let Zi denote 
the homogeneous coordinate of Pa° correspoding to Wj. Then a generic 
Calabi-Yau hypersurface V° of Pa° has equation: 

Note that hl'^V ) = 86 and h 2 ' r \(V°) = 2. 
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